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Abst ract - -We study the possible asymptotic behavior of u near an isolated rupture point for the 
following nonlinear equation with non-Lipschitz nonlinearity: 
Au=u q, inB\{0}, u>0,  inB\{0}, 
where B = {x E R 2 : Ix[ < 1}, 0 < q < 1. Under some conditions, the asymptotic behavior of u 
at zero is characterized. As a result, we obtain the uniqueness ofthe solutions in R 2 \ {0}. © 2004 
Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
We consider the following nonlinear equation with non-Lipschitz nonlinearity: 
Au=u q, i nB \{0} ,  u>0,  inB \{0} ,  (1.1) 
where B = {x C R 2 :]x[ < 1}, and 
0 < q < 1. (1.2) 
If u(0) = 0, then 0 is called an isolated point rupture of u. The main purpose of this paper is 
to classify possible behavior of u near an isolated point rupture. 
Problem (1.1) appears in several applications in mechanics and physics, and in particular can 
be treated as the equation of equilibrium states in thin films. Equations of the type 
ut = -V  . ( f (u )VAu)  - V . (g(u)Vu)  (1.3) 
have been used to model the dynamics of thin films of viscose fluids, where z = u(x , t )  is the 
height of the air/l iquid interface. The zero set E = {u = 0} is the liquid/solid interface and 
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is sometimes called the set of ruptures. The coefficient f (u )  reflects surface tension effects--a 
typical choice is f (u )  = u 3. For backgrounds on (1.3), we refer to [1-6] and the references therein. 
In general, let us assume that f (u )  = u p, g(u)  = -u  m, where p, m E R. Then a steady-state 
equation for (1.3) becomes 
U q 
Au - - -  - C = 0, in ft, (1.4) 
q 
where q = m - p + 1 and C is some constant. (Here we have assumed that  q ~ 0. If q = 0, 
we have to replace uq/q  with logu.) If we choose f (u )  = u3; g(u)  = -u  "~ with 2 < m < 3, 
then q = m - 2 E (0, 1). We get our equation by choosing C = 0 and a simple scaling. The 
one-dimensional steady-state problem of (1.3) with q < 0 has been studied thoroughly in [3,5] 
and the references therein. 
In [7], the authors classified the possible asymptotic behaviors of nonnegative solutions of the 
equation in (1.1). They obtained that if u E C2(B  \ {0}) is a nonnegative solution of the equation 
in (1.1) with u(0) = 0, then there exists C > 0 such that I x l -~(z )  <_ c for x near 0, where 
~/= 2/(1 - q). Using the transformations 
v(t ,O) = r -Tu( r ,O) ,  t = - ln r ,  (1.5) 
where (r, 0) are the polar coordinates in R 2 \ {0}, they obtained that 
v(t ,  .) --~ w(.), in C 2 (s l ) ,  as t ~ ~-OO, 
where w is a solution of the equation 
wOO -1- "/2w -- w q -= O. (1.6) 
Note that v satisfies 
vtt - 23'vt + voo -t- ")'2v - v q = O, t > O. 
They also gave a complete description of the set ~ of solutions of (1.6). That is, 
(1.7) 
](: = K:+ U E0, (1.8) 
where K;+ is the set of positive C~-funct ions and/C0 is the set of functions with at least a zero 
of order 2. Moreover, it was known from Theorem 2.3 of [7] that  
~0 = {0) u s ° u j : l ,  (1.9) 
where 
9 o = {0 ~ F(O - 01): O1 ~ S1}, 
a ~1 ---- {0 H F(O - 01) - F(O - 7r - 01): O1 E S1}, 
and ~r 
cl[cosO] /(1-q), if 101 < ~, 
F(0) = (1.10) 
0, if [01 >_ 2 '  
with cl = [(1 + q)72/2] 1/(q-1). Note that F is a compactly supported one-hump function. 
Problem (1.1) with q > 1 has been studied in detail in [8-11]. The differences of (1.1) with 
q E (0, 1) and with q > 1 have been pointed out in [7]. 
In this paper, we first show that if u is a solution of (1.1) with u(0) = 0, then v(t ,  .) ~ w( . )  
in C2(S  1) as t ~ +oo and w E /(:+. We easily know that such solutions exist. For example, 
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u(x) = Aq[x[ ~ is a special solution of (1.1) with u(0) = 0, where Aq = 7 -~. Then, we show that 
v(t, .) ~ Aq in C2(S 1) provided 
< Aq, for x near 0. 
Our main results can be stated as follows. 
THEOREM 1.1. Assume that u E C2(B \ {0}) is a solution of (1.1) with u(O) = O. Then, 
v(t, .) --~ w(.), in C 2 (SZ), as t ~ +oc, (1.11) 
with w E ]C+, where v(t, O) is defined by (1.5). 
Theorem 1.1 implies that the aJ-1imit of v cannot belong to ]C o. 
THEOREM t.2. Assume that u E C2(B \ {0}) is a solution of (1.1) with u(O) = 0 and 
I x l -~(~)  < Aq, fo r  x near  O. (1.12) 
Then, 
lira Ixl-  (x) = Aq. 
Ixl-~0 
An interesting corollary of Theorem 1.2 is the following theorem. 
THEOREM 1.3. Assume that u E C2(R 2 \ {0}) is a solution of 
in R2 \ (0}, u>O,  in R2 \ {0}, /~U = ~q~ 
with u(O) = 0 and 
Then, 
[x[-;u(x) <_ Aq, for x near 0 and ec. 
(1.13) 
0 < q < 1, (1.14) 
(1.15) 
Aqlxl (1,16) 
We can treat Theorem 1.3 as a uniqueness result. 
2. A CLASS IF ICAT ION THEOREM 
In this section, we consider the following simple-looking ODE problem: 
zoo + z -  z q = 0, z > 0. (2.1) 
Problem (2.1) with q < -1  has been studied recently in [12]. 
Our main result in this section is the following. 
THEOREM 2.1. Let 0 < q < 1. Then, problem (2.1) has no nonconstant solutions z with period 
47r/(1 -- q) and max z _< 1. 
To prove Theorem 2.1, we need the following lemma. 
LEMMA 2.2. Let 0 < q < 1. Then, the problem 
voe + v - v -(3+q)/(1-q) = 0, v > 0, (2.2) 
has no nonconstant 27r periodic solutions v with max v < 1. 
PROOF. Suppose that v is a nonconstant periodic solution of (2.2) with period 21r and maxv _< 1, 
without loss of generality, we assume that Vmi, = v(O) and let g(O) = ve(O). Then, g satisfies 
gee q- (1 + ~(3+q) v-4/(1-q)~/g ~- O, g(O) = O. (2.3) 
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Let 0o > 0 be the next zero of vo. Since maxv < 1, then V -4 / ( l -q )  ~ 1. Thus, 
Considering the equation 
(3 + q) V_4/ ( l _q  ) > 1 -4- 3 + q 
i +g- :7  - I--G-q 
3+q~ h = 0, h (0 )= 0, (2.4) hoe+ l+~_q/  
we know that the solutions h of (2.4) have the period (27r)/p 1/2 with p = 1 + (3 + q)/(1 - q). 
By the Sturm-Liouville comparison theorem, we easily see that 0o < 7r/p 1/2. Define 00 = 7r/k. 
Then, k 2 > 1 + (3 + q)/(1 - q). 
Set a = (6 -2q) / (3 -3q) .  Then, a > 2 if 0 < q < 1 and 3a-2  = 4 / (1 -q ) .  Let 
w = ave- lye = (va)0 . Then, w satisfies 
4 woe + w = a(a - l)(a - 2)vC~-3v 3. (2.5) 
l - -q 
Multiplying (2.5) by sin((2/(1 - q)1/2)0) and integrating over (0, 00), we have 
7r ( 27r ) k ( 1  - q)1/2 fo ~r /k  (20) (1  - q)1/2 wo (~)  sin = a(c~ - 1)(a - 2) v~-3@ sin dO. (2.6) 
Since k 2 > p, then k2(1 -q )  > 4. This implies that 2/[k(1 _ q)1/2] < 1. Thus, the right-hand side 
of (2.6) is positive since vo >_ 0 and a > 2. On the other hand, the left-hand side of (2.6) equals 
_< 0 
This proves the lemma. 
PROOF OF THEOREM 2.1. Suppose that z is a nonconstant solution of (2.1) with period 4rr/(1-q) 
and maxz  < 1. Let w = zO-V)/2. We have that 
1 (1 - q2) z-(a+q)/2z~ + z (l+q)/2Zo0. (2.7) WOO = --'~ 
From (2.1), we see that 
Z 2 -Jr- Z 2 2 Z l+q = e, 
l+q  
for some constant c. We claim c < 0. Indeed, assume that z attains its minimum at 01, then 
it is seen from (2.1) that zq(01) > z(61). This implies z(01) < 1 and zq+l(Ol) > z2(01). Thus, 
c = z2(01) - (2/(1 + q))zq+l(01) < 0. This is our claim. Now we have 
l+q 
and thus, 
2 c (1 - q2) w-(a+q)/(i-q) = O. woo+ ( l -q )  w+~ 
By the following scaling: 
O= 2 g, 
1 -q  
w(e) = (e-), 
(2.8) 
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it is easy to see that @ satisfies the equation 
@~ _[_ @ _ @--(3+q)/(1--q) = O. (2.9) 
Since w has period 4rr/(1 - q), @ has period 2rr. Moreover, a simple calculation gives that 
max@ < 1. In fact, if we denote a = maxz(< 1), then maxw = aO-q)/2. We also see that 
c = a 2 - (2/(q + 1))a q+l < O. Hence, 
max@ = A- la  (1-q)/2 
1 - q .~ (1--q)/4 
= (1 + q) ((2/(l-+q))aq -1 - 1)',] _< 1; 
note that a < 1 and 0 < q < 1. By Lemma 2.2, @ must be constant, and hence, z must be 
constant. This proves the theorem. 
3. PROOF OF  THEOREMS 1.1 AND 1.2 
In this section, we prove Theorems 1.1 and 1.2. We begin with the proof of Theorem 1.1. 
Notice that v > 0 for (t, 8) • (0, oo) x S 1, by Propositions 1.4 and 3.2 of [7], we easily know that 
w ¢ {0} U 5~0. Hence, we only need to show that w • $'0 I, and thus, w • ]C+. 
On the contrary, there exist w • ~01 and a solution of (1.7) such that v(t, .) -+ w(.) in C2(S 1) 
as t --+ oo. Without loss of generality, we assume that w(8) = F(8) - F(8 - rr), where F(8) is 
given in (1.10). It is easily known that w(Tr/2) = 0 and w'(rr/2) = 0. Moreover, for 0 < e < 1/10 
sufficiently small, the fact that w(8) < e for 8 near rr/2 implies that 
[ COS 81 < 5~q--1)/2£ (1-q)/2,  (3.1) 
for 8 near 7r/2, where cl > 0 is the number in the expression of F. In fact, denote 8 = rr/2 + ¢ 
with ¢ near 0. We have [cosS[ = [sine[ < [¢] for ¢ near 0. Therefore, if [8 -  7r/2[ < 
c{q-1)/2e (1-q)/2, then (3.1) holds. 
Now we define 01 = rr/2 - c~q-1)/2e (1-q)/2 and 82 -- rr/2 + c~q-1)/2E(1-q)/2. Then, 
0 _< ~(8) _< ~, for 8 • [01,82]. 
Since v(t, .) ~ w(.) as t --+ +oo, we have that there exists T > 10c~ q-1)/2 such that 
(3.2) 
0 < v(t, 8) <_ 2e, for (t, 8) e Q := [T, 3T] x [81,82]. (3.3) 
Let 
F1 = {(T,8) : 81 _< 8_< 82}, 
Ca = {(t, 8~): T < t < 3T}, 
F2 = {(3T, 8) :81 < 8 < 82}, 
F4 = {(t, 82) : T < t < 3T}. 
4 F i Then, OQ = LJi=l i. Let D be the domain in the (r, 0)-plane corresponding to Q and F i 
4 t (i -- 1, 2, 3, 4) be the sets corresponding to Fi. We have that OD = Ui=l Fi. Moreover, the 
function u(x) = u(r, O) = r'%(t, 8) is a solution of (1.1) in D and 
0 < u(z) < 2ee -T~, 
0 < u(x) <_ 2ce -3T'/, 
0 < u(x) <_ 26e -T'I, 
on r~, 
on r~, 
on r~ u r~. 
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Let x0 --- (e-2T,Tr/2). Then, x0 E in tD and the function 
~t(x, Xo) = Aqlx - Xol ~ (3.4) 
is a supersolution of the equation in (1.1). We also know that 
Ix - xo[ _> e -T  - e -2T  = e -T  (1  - e-T) ,  for x e r l ,  
I x -  xo] > e -2T - e -3T = e -2T (1 -  e-T) ,  for x e F~, 
Ix - x01 >_ c~q-1)/~(1-~)/L for ~ e r~ u r~. 
Choosing ~ sufficiently small and T sufficiently large, we easily see that 
~(x, x0) >_ u(x), for x e OD. 
Now we conclude from the arguments (the maximum principle) similar to those in the proof of 
Proposition 3.1 of [7] that u(xo) = 0. This contradicts the fact that u > 0 in B \ {0}. This 
completes the proof of Theorem 1.1. 
REMARK. The proof of Theorem 1.1 and the main results of [7] imply that u has dead core if 
and only if v(t, .) ~ w(.) in C2(S 1) as t ~ +oc and w E K;0. 
Now we prove Theorem 1.2. 
We perform the following scaling: 
u(r,O) = Aqr 'v(t ,O) ,  t = - ln r ,  r = Ixl < 1. (3.5) 
Then, v(t, O) satisfies 
4 4 4 
- - - v  q = 0,  t > 0.  (3 .6 )  ~" -i--~- q~' + v°° + (1---f-:~ ~ (1 -  q)~ 
Moreover, maxv(t ,O)  < 1 for t sufficiently large. 
By Theorem 0.1 of [7] and Theorem 1.1, we have that v(t,O) approaches, as t ~ +c~, in the 
C2-topology of S 1, to one of the solutions of the following equation: 
4 4 + - - -~q = O, 0 < ~ _< 1, has period 2~r, (3.7) 
( l -q )  ~ (1 -q)2  
By the following change of variable: 0 = ((1 - q)/2)0, ~(0) = @(0), we see that ~ is a solution of 
the following problem: 
47F 
- - .  (3.8) ~+~-~q=o,  O<~_<l ,  hasper iod 1 -q  
By Theorem 2.1, we know that ~ -- 1, and thus, v - 1. This implies 
lim [xl-Vu(x) = Aq. 
Ixl--,o 
This proves Theorem 1.2. 
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4. PROOF OF  THEOREM 1 .3  
Let us rescale u(r, O) as in (3.5), 
u(r,O) = Aqr~v(t,O), t =- ln r ,  r = Izl. (4.1) 
Then, we obtain that v(t, O) satisfies 
Moreover, 
4 4 4 
-- vt + voo ÷ .v q = 0, t • (--oo, +oo). (4.2) vtt 1 -q  (1 -~ 5v ( l -q )  2 
maxv(t ,  0) _< 1, for Itl sufficiently large. 
By Theorem 0.1 and Remark 1.5 of [7], we have that 
(4.3) 
v(t,.) --~ v-( .) ,  as t --* -oo ,  and v(t,.) --* v+(.), as t --*'+oo. (4.4) 
By arguments imilar to those in the proof of Theorem 1.2, we easily know that v + _= 1 and 
v -  - 1. (To prove the last identity, we need to use the Kelvin transform as given in Remark 1.5 
of [7]0 
To prove Theorem 1.3, we have to prove that any bounded positive solution of (4.2) is indepen- 
dent of t. From the classical Agmon-Douglis-Nirenberg and Schauder estimates, any derivatives 
0 ~ O~ at~ o6, of v are uniformly bounded on R x S 1, which implies classically that  
+co/2r  Cga+fl 2 
JO ~ V  dO dt < +oo, (4.5) 
for any a, fl _> 1. Then, multiplying (4.2) by vt and integrating over R x S 1, we obtain that 
4 (4.6) 
1-q  
where 
( - (1 + q)(1 - q)2 ) 
Since v + = v -  = 1, $ (v - )  = E(v+). Henceforth, 
(4.7) 
/_~° ffo2r v2t dO dt = O, 
oo  
(4.8) 
which ends the proof. 
REMARK. Theorem 1.3 implies that if equation (1.14) has a solution u(x) = Ixl~G(O) with 
G(0) ~ const and G E K:+, then maxsl  G > Aq. We cannot construct such a solution yet. 
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